
Session 12: Sampling

Stats 60/Psych 10

Ismael Lemhadri

Summer 2020



This time

• Sampling from a population 
• Estimating population parameters from a sample 
• Sampling error and the standard error of the mean 
• The central limit theorem 
• Confidence intervals



What is the goal of the US Census?



–US Constitution, Article I, Section 2

"Representatives and direct Taxes shall be 
apportioned among the several States ... 

according to their respective Numbers ... . The 
actual Enumeration shall be made within three 

Years after the first Meeting of the Congress of the 
United States, and within every subsequent Term 

of ten Years."



How is the census performed?

• The Census Bureau develops a 
comprehensive list of residential 
dwellings in the United States. 

• A census form is mailed to each 
of those housing units. 

• Households are asked to return 
the completed forms by mail. 

• Households that do not return the 
forms are visited by enumerators.



Do you think it’s possible to count everyone? 

Do you think it’s necessary?



Sampling

• Can we estimate parameters of the entire population 
using just a subset? 

• Can you think of examples where this is successful?



The success of election polling:  
2004 US Presidential election

2 S.S.-H. Wang / International Journal of Forecasting ( ) –

Fig. 1. Foundations of the Presidential meta-analysis. (a) State-by-state electionmargins as a function of final pre-election polls in the 2004 Kerry vs. Bush
race. (b) Pre-election win probabilities and actual outcomes in the 2012 Obama vs. Romney race. (c) A snapshot of the exact distribution of all 251 = 2.3
quadrillion outcomes calculated from the win probabilities in (b). The electoral vote estimator is defined as the median of the distribution. (d) Electoral
effect of a uniform shift in state polls through a constant swing. The gray band indicates a nominal 95% confidence interval, including uncorrected pollster-
to-pollster variation.

In this article, I describe an early approach to the ag-
gregation of Presidential state polls, the meta-analytic
method, which has been being used at the Princeton Elec-
tion Consortium (PEC; http://election.princeton.edu) since
2004. PEC’s approach uses Electoral College mechanisms
and can be updated on a daily basis. Its only input is pub-
licly available data, and it runs on open-source software,
thus providing a high level of transparency. I will describe
this method, and give both public and academic perspec-
tives (see also Jones, 2008, for a review). I provide both an
academic account and a history, under the assumption that
the evolution of themeta-analysismay interest some read-
ers.

Polling aggregators have been outperforming pundits
since at least 2004, when a number of websites began to
collect and report polls on a state-by-state basis in Presi-
dential, Senate, and House races. State polls are of particu-
lar interest for the Presidency, for three reasons. First, the
Presidency is determined via the Electoral College,which is
driven by state election win-lose outcomes. Second, state
polls have the advantage of being accurate predictors of
state election outcomes, on average (Fig. 1(a)), though na-
tional polls can have significant inaccuracies. For exam-
ple, in 2000, Al Gore won the popular vote over George
W. Bush by 0.5%, yet election-eve national polls favored
Bush by an average of 2.5%, a 3.0% error that got the sign

of the outcome wrong. State polls may owe their superior
accuracy levels to the fact that local populations are less
complex demographically, and therefore easier to sample,
than the nation as awhole. Third and last, state presidential
polls are also remarkably abundant: Electoral-vote.com
contains the results of 879 polls from 2004, 1189 from
2008, and 924 from 2012.

Early sites—RealClearPolitics in 2002, followed in 2004
by Andrew Tanenbaum’s Electoral-vote.com, the Princeton
Election Consortium, and several others (Forelle, 2004a)
—reported average or median polling margins (i.e., the
percentage difference in support between the two leading
candidates) for individual races. An additional step was
taken by PEC (then titled ‘‘Electoral collegemeta-analysis’’,
http://synapse.princeton.edu/~sam/pollcalc.html), which
calculated the electoral vote (EV) distribution of all
possible outcomes, using polls to provide a simple tracking
index, the EV estimator. The calculation, an estimate of the
EV outcome for the Kerry vs. Bush race, was updated in a
low-graphics, hand-coded HTML webpage, together with
a publicly posted MATLAB script. PEC gained a following
among natural scientists, political and social scientists, and
financial analysts. Over the course of the 2004 campaign,
PEC attracted over amillion visits, and themedian decided-
voter calculation on election eve captured the exact final
outcome (Forelle, 2004b).

Wang, 2015



–Johnny Appleseed

https://fivethirtyeight.blogs.nytimes.com/2012/11/10/which-polls-fared-best-and-worst-in-the-2012-presidential-race/

• Nate Silver correctly predicted outcomes for: 
• 49/50 states in 2008 Presidential election 
• 50/50 states in 2012 Presidential election 

• How?

Each poll includes 
~1000 likely voters 

Survey of~21,000 
voters allows 

accurate estimation 
of voting behavior of 
~200 million people



40,000 points  
each point represents ~5,800 voters 

21,000/235 million voters  = 0.008% of all voters



Why doesn’t the census use sampling rather than 
full enumeration?
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DEPARTMENT OF COMMERCE et al. v. UNITED
STATES HOUSE OF REPRESENTATIVES et al.

appeal from the united states district court for the
district of columbia

No. 98–404. Argued November 30, 1998—Decided January 25, 1999*

The Constitution’s Census Clause authorizes Congress to direct an “actual
Enumeration” of the American public every 10 years to provide a basis
for apportioning congressional representation among the States. Pur-
suant to this authority, Congress has enacted the Census Act, 13 U. S. C.
§ 1 et seq., delegating the authority to conduct the decennial census to
the Secretary of Commerce (Secretary). The Census Bureau (Bureau),
which is part of the Department of Commerce, announced a plan to
use two forms of statistical sampling in the 2000 Decennial Census to
address a chronic and apparently growing problem of “undercounting”
of some identifiable groups, including certain minorities, children,
and renters. In early 1998, two sets of plaintiffs filed separate suits
challenging the legality and constitutionality of the plan. The suit
in No. 98–564 was filed in the District Court for the Eastern District
of Virginia by four counties and residents of 13 States. The suit in
No. 98–404 was filed by the United States House of Representatives in
the District Court for the District of Columbia. Each of the courts held
that the plaintiffs satisfied the requirements for Article III standing,
ruled that the Bureau’s plan for the 2000 census violated the Census Act,
granted the plaintiffs’ motion for summary judgment, and permanently
enjoined the planned use of statistical sampling to determine the popula-
tion for congressional apportionment purposes. On direct appeal, this
Court consolidated the cases for oral argument.

Held:
1. Appellees in No. 98–564 satisfy the requirements of Article III

standing. In order to establish such standing, a plaintiff must allege
personal injury fairly traceable to the defendant’s allegedly unlawful
conduct and likely to be redressed by the requested relief. E. g., Allen
v. Wright, 468 U. S. 737, 751. A plaintiff must establish that there ex-
ists no genuine issue of material fact as to justiciability or the merits in
order to prevail on a summary judgment motion. See, e. g., Lujan v.

*Together with No. 98–564, Clinton, President of the United States,
et al. v. Glavin et al., on appeal from the United States District Court for
the Eastern District of Virginia.
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National Wildlife Federation, 497 U. S. 871, 884. The present contro-
versy is justiciable because several of the appellees have met their bur-
den of proof regarding their standing to bring this suit. In support of
their summary judgment motion, appellees submitted an affidavit that
demonstrates that it is a virtual certainty that Indiana, where appellee
Hofmeister resides, will lose a House seat under the proposed census
2000 plan. That loss undoubtedly satisfies the injury-in-fact require-
ment for standing, since Indiana residents’ votes will be diluted by the
loss of a Representative. See, e. g., Baker v. Carr, 369 U. S. 186, 208.
Hofmeister also meets the second and third standing requirements:
There is undoubtedly a “traceable” connection between the use of sam-
pling in the decennial census and Indiana’s expected loss of a Repre-
sentative, and there is a substantial likelihood that the requested re-
lief—a permanent injunction against the proposed uses of sampling in
the census—will redress the alleged injury. Appellees have also estab-
lished standing on the basis of the expected effects of the use of sam-
pling in the 2000 census on intrastate redistricting. Appellees have
demonstrated that voters in nine counties, including several of the ap-
pellees, are substantially likely to suffer intrastate vote dilution as a
result of the Bureau’s plan. Several of the States in which the counties
are located require use of federal decennial census population numbers
for their state legislative redistricting, and States use the population
numbers generated by the federal decennial census for federal congres-
sional redistricting. Appellees living in the nine counties therefore
have a strong claim that they will be injured because their votes will
be diluted vis-à-vis residents of counties with larger undercount rates.
The expected intrastate vote dilution satisfies the injury-in-fact, causa-
tion, and redressibility requirements. Pp. 328–334.

2. The Census Act prohibits the proposed uses of statistical sampling
to determine the population for congressional apportionment purposes.
In 1976, the provisions here at issue took their present form. Congress
revised 13 U. S. C. § 141(a), which authorizes the Secretary to “take a
decennial census . . . in such form and content as he may determine,
including the use of sampling procedures.” This broad grant of author-
ity is informed, however, by the narrower and more specific § 195. See
Green v. Bock Laundry Machine Co., 490 U. S. 504, 524. As amended
in 1976, § 195 provides: “Except for the determination of population for
purposes of [congressional] apportionment . . . , the Secretary shall, if
he considers it feasible, authorize the use of . . . statistical . . . ‘sampling’
in carrying out the provisions of this title.” Section 195 requires the
Secretary to use sampling in assembling the myriad demographic data
that are collected in connection with the decennial census, but it main-
tains the longstanding prohibition on the use of such sampling in calcu-



Sampling error

• When we compute a 
statistic on a sample, it will 
have some amount of error 
• Compared to the true 

value (“population 
parameter”) 

• This error varies from 
sample to sample 
• We refer to the 

distribution of the 
statistic computed 
across samples as its 
“sampling distribution”



Taking random samples in R
exampleSample <- NHANES_adult %>% 

sample_n(10)

dim(NHANES_adult)
## [1] 7424   77
dim(exampleSample)
## [1] 10 77

print(paste('Sample height: mean = 
',mean(exampleSample$Height)))
## [1] "Sample height: mean =  168.59"

print(paste('Population height: mean = 
',mean(NHANES_adult$Height)))
## [1] "Population height: mean =  168.86"



Sampling error: NHANES adult height

Population data
Population mean
Sample means

5000 samples 
of 100 individuals



Standard error of the mean (SEM)

• The standard deviation of the sampling distribution of the 
mean 
• How variable are our estimates of the mean?

Population std deviation

Sample size

SEM =
�p
n



Computing the standard error of the mean

• We usually do not know the 
population standard deviation 

• Instead we usually “plug in” the 
sample standard deviation in its 
place 

• This assumes that the sample 
SD is a good estimate of the 
population SD 
• With larger samples (>~30) 

this should be OK

SEM =
�p
n

SEM =
SDp
n

If population SD 
is known:

If population SD 
is unknown:





How to make better measurements

• We don’t have control over the 
population SD 

• We usually do have control over the 
sample size 

• Larger samples reduce SEM but 
give diminishing returns 
• Increasing sample from 16 to 25 

(by 9) provides same improvement 
in SEM as increasing from 100 to 
121 (by 21)

SEM =
�p
n



Central limit theorem

• As the sample size gets large, the sampling distribution of 
the mean will come to resemble a normal distribution 
• Regardless of the shape of the distribution of the data! 

• This probably explains why so many variables in the real 
world follow a normal distribution 

• Let’s take samples from NHANES Height and look at the 
sampling distribution of the mean















Comparing data to the normal distribution

• Plot the cumulative distribution of the data against the 
cumulative distribution of the normal 



Normal distribution
Sample means



Normal distribution
Sample means



Normal distribution
Sample means



Normal distribution
Sample means



Normal distribution
Sample means



Normal distribution
Sample means



Why a smaller SEM is better

• Larger SEM = more uncertainty about the true value of 
the parameter in the population 
• Would you believe an election poll if you were told that 

the results had a margin of error of 15%? 
• And what does “margin of error” mean?



Confidence intervals

• An interval around the 
mean that expresses our 
uncertainty about the true 
value of the parameter

http://www.pewresearch.org/fact-tank/2016/09/08/understanding-the-margin-of-error-in-election-polls/



Computing the confidence interval

• We want to express our uncertainty about the estimate of 
the mean 

• Remember that: 
• the sample means are normally distributed (per the 

Central Limit Theorem) 
• The standard error is the standard deviation of the 

sampling distribution 
• What we want to know is: What interval would we 

expect to capture 95% of values around the mean?



Using the normal distribution to compute the 
confidence interval around the mean

• We want to find the value of the normal 
distribution such that 5% of responses are 
excluded 
• 2.5% higher, 2.5% lower 

• This value is ~ ±1.96

> qnorm(0.025)
[1] -1.959964
> qnorm(0.975)
[1] 1.959964



Computing the confidence interval

Sample 250 
individuals from 

NHANES
NHANES_sample=sample_n(NHANES,250)

Compute sample 
mean and SD

> sampleMean=mean(NHANES_sample$Height)
> sampleMean
[1] 163.3684
> sampleSD=sd(NHANES_sample$Height)
> sampleSD
[1] 19.54375

Compute CI
> CIupper=sampleMean + 1.96*sampleSD
> CIlower=sampleMean - 1.96*sampleSD
> c(CIlower,CIupper)
[1] 125.0626 201.6742

CI(95%) = mean± 1.96 ⇤ SEM



What the confidence interval means

• If we take a large number of samples, the confidence 
interval will contain the true value 95% of the time





What confidence intervals do not mean

• Poll A: Republican CI (45% - 51%) 
• Does not mean that there is a 95% 

chance that the true population 
value falls between 45 and 51 
• It either does or it doesn’t! 

• We will talk more about the 
confusing interpretation of 
confidence intervals when we 
return to hypothesis testing



Recap

• We can obtain accurate estimates of population 
parameters through random sampling 

• Larger sample sizes give smaller standard error, but with 
diminishing returns 

• The central limit theorem assures us that the sampling 
distribution of the mean becomes normal with larger N 

• Confidence intervals give us a way to express our 
uncertainty about the mean


